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Abstract 

Let us consider a compact oriented riemannian manifold M without bound- 
ary and of dimension n = Ak. The signature of M is defined as the signature of 
a given quadratic form Q. Two different products could be used to define Q and 
they render equivalent definitions: the exterior product of forms and the cup 
product of cohomology classes. The signature of a manifold is proved to yield a 
topological invariant. Additionally, using the metric, a suitable Dirac operator 
can be defined whose index coincides with the signature of the manifold. 

1 Introduction 

Let us imagine a rubber surface filled in electric charges with a given density. 
Clearly, if we deform the surface, the total electric charge is conserved. Thus, 
thanks to electric charges we have an invariant. The question is whether or not 
we can somehow balance the role of the densities of charge in such a way that we 
get a charge-free invariant, i.e., an invariant that depends only on the manifold. 
In the following we present a positive partial answer to this question. 

In differential geometry we can integrate forms and only forms. The dimen- 
sion of the form is given by the dimension of the domain of integration. Say, 
if we have a three dimensional density of electric charge, the total charge is its 
integral: the charge density shall be encoded as a 3-form. Likewise, if we want 
to reproduce the fact that the line integral of a force gives a work, we encode 
forces as 1-forms. On the other hand, Force = Electric field x charge, so that the 
electric field could be encoded as a 1-form also. The Lorentz force is a 1-form 
given by F = kE + cB x v, therefore B is encoded as a 2-form that operates 
over a pair of vectors, v and a displacement. 

We know that the divergence of a rotational is zero, and that the rotational 
of a gradient is also zero. These facts lead to the general law d 2 = which 
more exactly means: Let dk denote the exterior derivative of A:— forms, then 
dk+i ° dk = 0. 

The global object to be integrated is a form which is an assignation of 
a fc-differential form to everyone point of the manifold. The space of forms 
is denoted as fi(M). So, a charge density is a 3-form, i.e., an element of 
C°°(M, A 3 T*(M)) = Q 3 (M). We use standard notation [N],[F]. 

Stokes' theorem over a manifold M reads: J dM u> — J M duj. This theorem is 
a generalization of Gauss and Stokes theorems of vector calculus: what uj causes 
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on dM, the border of M, is completely evidenced by studying what dco causes 
in the interior of M. 



Definitions. Let dk denote the exterior derivative of fc— forms and Sk+i its 
adjoint. We have that dk+i o 4 = 0. The subindcx of the exterior derivative 
rarely is explicitly written and dk is simplified into d and dk+i ° dk — is noted 
simply as d 2 = 0. The same abuse of notation will be applied to other operators 
that appear in the sequel. A form w is called closed if duj — 0, coclosed if 
Sui = 0, exact if there exist ip such that dip = w, coexact if there exists (f> such 
that 5(j) = u). 

Since dk+i°dk = then Im(dk) C Ker(dk+i) and moreover both are groups. 
The quotient H k = Ker(dk+i) / Im(dk) is a group that is called the de Rham 
k-cohomology group. 

If Ldi and u[ belong to the same cohomology class then they belong in the 
kernel of dk+i, therefore dk+ito — dk+ito' — and moreover they differ by an 
exact form c4r, so lo\ — u>[ + dkT with dk+\ o dkT = 0. The operator d is 
antisymmetric. Hence, dfcw = for k > n given that n is the dimension of the 
manifold, H k (M) = for k > n. 

In the light of the Poincare's lemma, the de Rham cohomology group is 
regarded as an obstruction to the global exactness of closed forms. The dimen- 
sion of a cohomology group is finite and is known as the Betty number of the 
group and therefore could be seen as a measure of the variability of the global 
inexactness of closed forms. The existence of electric motors is due to the fact 
that — {0}) is not trivial. Similar effects are observed in the theory of 

fundamental interactions. 

2 The signature quadratic form 

Let M be a compact oriented ricmannian manifold without boundary and of 
dimension n=4k. The signature quadratic form of M is defined to be the bilinear 
form 



The signature quadratic form is well defined, i.e., the integral on the right 
does not depend on the representatives of the cohomology classes. To see this, 
let us take another representative of [toi] say lo' x . Now, du>i = du}[ = duj2 = 
and u>i and lo[ differ by an exact form dr, where r is a (2k — l)-form. So, 
loi = + dr and d 2 r = 0. 



Q : H 2k {M)®H [ 



(M) -» 5ft 




Then 



/ lo[ A u>2 = f(ui + dr) A Ld2 = J 0J\ A 0J2 + / dr A 002 
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Recalling that duj 2 = = t A dio 2 and using Leibniz's rule and Stokes' 
theorem over a manifold without boundary we have: 

Jdr Auj 2 = J M dr Auj 2 = J M dr Auj 2 ± J M t A du 2 = J M d(r A w 2 ) = 

L TAW 2= 

and henceforth 

/ U)[ A UJ 2 = J U\ A UJ2 ■ 

Extending the reasoning to the general form of representatives of [w 2 ] we 
obtain the independence of the bilinear form from representatives and so Q is 
defined over cohomology classes of order 2k. 

Theorem. The signature quadratic form Q is symmetric iff n=4k. 
Proof: In general we have: 

u Av = (-l) p VAw when w is a p-form and v is a q-form. Thus, if p = q then 
(— l) pq = (— l) p . But p 2 = p mod 2 , i.e., p 2 — p = p(p — 1) = 2m, i.e., cither p 
or p — 1 is even and hence p(p — 1) is always even. So, (— l) p = (— l) p = 1 iff p 
is even iff = 2p is multiple of 4. 

2.1 The cup product 

Since the wedge product is defined for pairs of forms of any order we can verify 
that the vector space H* = H*(M) = (B™ >0 H P M can be endowed with a ring 
structure as follows: for [u] G H p and [v] € H q we define the cup product as 

U : H* x H* -» H* 
[lu] U [v] = [uAv] 

Let us check that this is a well defined product in the set of cohomology 
classes: if [u] e H p and [u] e H q then u> Av £ n p+q and [wAi/]e but we 

shall show that if we take other representatives their wedge product is still in 
[wAi/]. 

If w, oj' £ [oj] in H p then dui = du' = and u' = u + dr. If v £ H q then 
dv = 0. Therefore uj' A v = (oj + dr) A v = lu A is + dr A is = uj A v + d(r A v) 
because d(r Av) = dr A v + t A dv = dr A v. Henceforth, u)' A v and uo Av differ 
by an element of the form d(a) where a — t A v and so they belong to the same 
cohomology class. 

Restricting the cup product to H 2k {M) (g> H 2k (M), the signature quadratic 
form Q takes the form: 

Q{[ui], [w 2 ]) = f[oJi] U [oj 2 ] = JuiAuj 2 

The integral of any p-form has an intrinsic definition, i.e., it is devised to 
be invariant under any change of coordinates. Therefore, Q is also intrinsically 
defined. Hence, to calculate it we can take anyone system of coordinates on M. 
On the other hand, to say that Q is symmetric is the same as to say that the 
cup product is commutative when restricted to H 2k {M) <g> H 2k (M). 
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2.2 The signature of a manifold 

Since the space H 2k is finite dimensional with dimension & 2 fe, called the 2k-th 
Betti number, we can take a basis E — {[hi]} with respect to which the quadratic 
form Q has an associated matrix, Q[e], whose entries are Q[E],ij = f[h*i] A [ft*,-]. 
This matrix can be diagonalized to a matrix with eigenvalues Ai, A2, ...A s ., where 
s = dimH 2k = b 2 k- Below we will see a concrete basis in which Q is diagonal. 
The signature of Q[e\ is the number of positive eigenvalues minus the number 
of negative eigenvalues. Under a change of basis with the same orientation in 
H 2k we get, up to a permutation, the same eigenvalues. All our results are 
summarized in the following 

Definition. The signature of compact, without boundary, orientable man- 
ifold, cr(M), is the signature of the quadratic form Q. The signature of the 
manifold is the number of positive eigenvalues minus the number of negative 
eigenvalues of the finite dimensional matrix of Q in any basis of H 2k and in any 
system of coordinates. 

3 Invariance 

When two manifolds could be smoothly deformed back and forth, their sig- 
natures coincide. Technically, the signature of a manifold is invariant under 
diffcomorphisms. This property is expected because a diffeomorphism repre- 
sents a change of coordinates and we have seen that the signature of a manifold 
is an intrinsic object so that it is independent of coordinates. A direct demon- 
stration over the ring H* is instructive and can easily be carried out thanks 
to the pull-back technology. When in calculus one says "change of variable" in 
differential geometry one says "pull-back" of p— forms, which is built upon the 
notion of differential of a function: 

Definitions. Let <j) : M — > TV be a map of manifolds and let <fi(x) = y. 
Let T X M and T^/ X \N be the tangent spaces at x over M and, respectively, at 
tfi(x) over N. We define the differential 0* of <f> as the linear isomorphism 0* : 
T X M — > T^r x \N such that for any vector v £ T X M we have [4>*(v)](f ) — v(<j>of) 
for any scalar function / : N — ► SR. A map is called differentiable or smooth 
if its differential exists. The pull-back <f>* of a smooth map <f> : M — > N is the 
linear transformation (j)* : A^^N — ► A X M such that <f>*(u)(v) = u(<t>*(v) for all 
vectors v <ET X M and 1-forms uj. 

The pull back observes the following properties, the first of which allows to 
extend the pull back of 1-forms to the whole space of form: 

1) <j>* (a A P) = <j>*(a) A <j>*(/3) 

2) <j>*{da) = d((f>*(a)) 

Lema. Let <f> : M — > N be an orientation preserving diffeomorphism between 
manifolds and let H*(M) and H*(N) the respective cohomology rings, then 4> 
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induces a ring contravariant isomorphism : H*(N) — ► H*(M) defined by 

Proof: Let us prove that F£ is well defined, with an inverse which is the ring 
homomorphism induced by (f)^ 1 and that ^([771] U [772]) = FU[rji}) U -Fa ([772]). 

To see that F^ is well defined we need to prove that two members of the 
same cohomology class in the domain are transformed into members of the same 
cohomology class in the range. Two elements are in the same cohomology class 
if they differ by an exact form, i.e., if [771] = [772] then 771 = r/2 +dr. In this case, 

P(7 h ) = P( m ) + <j)*(dT)=<j>*(m) + d(<i>*(T)) 

this means that the members of a class are transformed into elements that 
differ by an exact form, i.e., they are members of the same class: 

if [r?i] - [m] then [0*( m )] = [cj>*{ m )} so that F;([ m }) = F;([ m }) is well 
defined. 

Let us verify now that if F£ ([77]) = [0*(t?)], the inverse of F£ is the ring 
homomorphism G£_i induced by i.e., if = [((/> -1 )* (w)] then 

G l-i( F £([v])) = M and i^(G£-i(M)) = [w]. For the first part we have: 

[77]. The proof of the second part is similar. 

Let us show that F£ is indeed a ring homomorphism: 

F;(lm] U [7/2]) = F;{[ m A 772]) = [^(771 A7? 2 )] = [0*(r?i) A^(77 2 )] 

= [<A*(r?i)] u [<j>*(m)] = F;([ m ]) u *■;([%]). 

In conclusion, F£ is a ring homomorphism: 
F${[m] U [772]) = i^([r?i]) U ^([772]). 

We also say that is orientation preserving, in the sense that if we choose 
a basis E of H 2k (N) then F£(E) will a basis of H 2k (M) that observe the same 
orientation. 

Convention. The ring isomorphism F£ is denoted as <j>* . 

Theorem. The quadratic signature form Q is invariant under diffeomor- 
phisms. 

Proof. Let <fi '■ M — > N be a diffcomorphism between manifolds, and let 
F£ be its induced isomorphism between H*{M) and H*(N). The theorem of 
change of variables reads: 

J N =<t>(M) r l = Jm^W- 

Let us apply this theorem to the signature quadratic form: 

Sn=4>(m) M u lm] = Sn=hm) m a 772 = J M 4>*{m a m) = J M 4>*m a <j>*m = 
Jjrvi a = I M Wm\) u ([«) = 

/ M ^(b7i])U^([r? 2 ]). 

Thus, we have proved that J N=lp{M) [m] U [772] = J M U ^([r? 2 ]) and 

this means that two diffeomorphic manifolds have the same quadratic signature 
form: 
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Q([^i],[^2]) = Q([wi]> 2 ]). 



Corollary. Diffcomorphic oriented manifolds have the same signature. 

Proof: Let iV be a manifold and Q([wi], [0*2]) its signature form. The sig- 
nature a(N) of N is the number of positive eigenvalues minus the number of 
negative eigenvalues of the finite dimensional matrix of Q in any basis of H 2k (N) 
and in any system of coordinates. Let <j) : M — > N be a diffcomorphism between 
manifolds that preserves orientation. The previous theorem shows that they 
have the same quadratic form Q([<j)*uji], [</>*w 2 ]) = Q([wi], [^2])- 

Moreover, the preimage of a basis E of H 2k (N) through the orientation pre- 
serving isomorphism among rings cf>* is also a basis with the same orientation. 
So, we can express Q([(j>*u)\], [0*w 2 ]) in the basis 4>*(E) of H 2k (M) and count 
the difference between positive and negative eigenvalues. We claim that this dif- 
ference is precisely the signature of M, because we have the freedom of choosing 
the basis in which Q is expressed. 

3.1 Invariance of a(M) under homotopy equivalence 

All our study is motivated by the conservation of the total electric charge of a 
charged body under deformations. If the body is three dimensional and of light 
metal, without much effort we could smash it to produce a surface. With due 
care, the total charge would not change. What we are ready to observe is that 
this case is also admitted in our mathematical formalism. 

Definition. Two functions with the same domain and codomain, ho, hi : 
Z — > W, are homotopically equivalent, ho ~ hi, if there exists a smooth map 
F : Z x [0,1] -» W such that F| Zx{0} = h ,F\Z x {1} = hi. 

The functions shall not be onto and the images of the two functions could be 
disjoint. Intuitively, two functions are homotopically equivalent if there exists 
a continuous deformation of ho{Z) into h\{Z). 

Definition. Let M and TV be two oriented smooth compact manifolds. We 
say that M and N are (strongly) homotopically equivalent if there exist two 
orientation preserving smooth maps 

g : N -> M 

f :M -> N 
such that / o^~ id,N and jo/~ idu- 

To understand the meaning of this concept let us imagine that M is a person 
and uses TV as a mirror to observe herself. If M can deform herself smoothly 
into her image g(f(Mj) and if N also can do the same in her side, then, we say 
that the two manifolds arc homotopically equivalent. 
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The most important difference between isomorphic manifolds and homotopi- 
cally equivalent manifolds are considered in the next definitions. 

Definition. Let R be a, not empty, subspace of M. If there exists a con- 
tinuous map / : M — > R such that f\n = id,R, R is called a retract of M and 
and / a retraction. 

Definition. Let R be a, not empty, subspace of M and / a retraction of M 
over R. R is said to be a deformation retract if idu and / are homotopically 
equivalent and R is point by point invariant in the deformation. 

The aim of this section is to show that the signature of a manifold is con- 
served under homotopy deformations including retractions. We shall highlight 
the fact that our retractions eliminate homotopic redundances but holes are not 
eliminated. So, a circle cannot be joined to its north pole by a deformation 
retraction. 

To prove that the signature of a manifold is conserved under homotopy 
equivalence we shall guarantee that homotopy equivalence does not distort co- 
homology groups. This implies that the antitransport of closed forms through 
two homotopy equivalent functions belong to the same cohomology class, i.e., 
that they differ by an exact form. 

Lemma. Let f,g : M — > N be smooth maps that are homotopic to each 
other. If w € fl K (N) is a closed form, the difference of the pullback images is 
exact: 

f*u> — g*uj — dtp 
where ip £ n fe_1 (M) and f*,g* : H*(N) -> H*(N). 

Proof. Since / ~ <?, there exists a smooth map F : M x [0, 1] — > N such that 
F\zx{o} = f,F/Z x {1} = g, i.e., F(x,0) = f(x) and F(x,l) = g(x) for 

x e M. 

Now we will involved in a game that uses F and the fundamental theorem 
of calculus: to prove that f*u) — g*uj = dtp for some ip, we will prove a rigorous 
version of the following idea: f*u> — g*L0 — d J F*u>. In what follows, the integral 
will be replaced by the operator P. 

Let us consider a fc— form 77 £ Vl k {M x [0, 1]). 77 takes the form 
V = di 1 ...i k (x,t)dx il A ...dx lk + bj 1 ...j k _ 1 (x, t)dt A dx^ 1 A ... A dx^- 1 
where x £ M,t £ [0, 1]. The second term is of degree k but it shall include 
dt so it has only fc — 1 degrees of freedom to choose its components. 

Define a map P : fl k (M x I) -» ^^(M) by 
p (v) = (Jo b jl ... jk _ 1 (x,s)ds)dx^ A ... A dxi«-i 
Let ft be a map f t :M^>MxI such that ft (p) = (p, t) 
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We have 

f* v = a ll ... lk (x,t)dx il A ...dx ik e fl k {M) 
since f*(dt A efeJ' 1 A ... A dx^- 1 ) = 0. 
Let us prove now that 

d(P( v )) + P(d v ) = f!( v )-fSv- 

Indeed, if we calculate each term in the lhs we get 

d(P(rf)) = d(fo b h ... jk _ 1 {x, s)ds)dx : > 1 A ... A dx*"- 1 

= {fo( db h-jk-i( x , s)/dx jk )ds)dx jk A dx jl A ... A da?"- 1 

On the other hand 

P(d-q) = P[d(a ll ... lk (x,t)dx il A ...dx lk +b jl ... jk _ 1 (x,t)dt Adx jl A ... A dx 3k ~^] 

= P[(da il ... ik (x,t)/dx ik + 1 )dx ik + 1 Adx 11 A ...dx lk 

+(da il ... ik (x,t)/dt)dt Adx 11 A ...dx tk ] 

+ {db n ... Jk _ 1 (x,t) /dx jk ) dx jk A dt A dx jl A . . . A dx jk - 1 ) 

= (J (dai 1 ...i k (x,s)/ds)ds)dx 11 A ...dx %k 

-{fo(db jl ... jk _ 1 (x, s)/dx jk )ds)dx jk A dx jl A ... A dx ik ~ l 

Summing up these two terms we get 

d{P{r,)) + P(d V ) = {J^(da il ... ik (x,s)/ds)ds)dx il A ...dx lk . 
Applying the fundamental theorem of calculus for a continuous function we 
have 

d(P(r])) + P(drj) = [a n ... lk {x, 1) - a n ... Ik {x, 0)}dx^ A ...dx lk 
d(P(rj)) + P(d V ) = ft(r]) - fSv 

Let us apply this identity to the pull back of a closed form u> € £l k (N) and 

T] = F*lo e fl k {M x [0,1]): 

so d(P(rj)) + P{drj) becomes 

d(P{F*io)) + P{dF*io) = f?{F*uj) - fa(F*uj) 

recalling that (FG)* = G*F* we get 

d(P(F*Lu)) + P{dF*io) = - {Ff )*u 

but ft(x) = (x,0) and moreover / ~ g so that F(f (x)) = F(x,0) = f(x) 
and F(fi(x)) = F(x, 1) = g(x) 
Hence 

d(P(F*u)) + P{dF*io) = f*uj - g*io. 

Recalling now that ui was chosen to be closed, duj = and therefore F*ckv = 
0. We can rewrite this as d(F*uj) = because the pull back and the exterior 
derivative commute. Integrating with P between and 1 we have P(dF*oj) = 0. 
Replacing 

d(P(F*u)) + P(dF*uj) = d(P(F*Lu)) = f*LU - g*uj 

Explicitly f*uj — g*uj — dip where "0 = P{F*u>) proving that the difference 
of the pullbacks of closed forms throughout homotopy equivalent functions is 
exact. 

Corollary. Let /, g : M — > TV be maps which are homotopic to each other. 
Then, the pullback maps /* and g* defined on the de Rham cohomology groups 
are identical. 
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Equivalcntly, the cohomology class of the difference of the pullback of a 
closed form through two homotopy equivalent functions is the cohomology 
class: 

[f*uj - g*uj] = [fM - [g*uj] = [#] = 

Theorem. If M and N are homotopy equivalent even oriented compact 
manifolds, then a(M) = a(N). 

Proof. Since M and N are homotopy equivalent manifolds, there exist two 
orientation preserving smooth maps 

f:M^N 

g:N^M 

such that / o^~ id^ and jo/~ id M . 

It is clear that g(f(M)) is a retract of M and that f(g(N)) is a retract of 
N. Let us define the (f,g)-core of M as Core {ftg) (M) = f] n (9°f) n ( M ) and the 
C<yre(f t g)(N) = f] n (f o g) n (N). We have at last that the great manifolds can 
be compressed to their cores and that all of them have isomorphic cohomology 
rings, which uniquely determines the signature of the manifolds. 

Disclaimer. Two manifolds could be inequivalent and yet they can have 
the same cohomology groups and henceforth the same signature. Example: take 
as M = S 2 x S 4 and as N = CP 3 . 

Proof. Unknown. 

3.2 The Euler characteristic 

Let * note the Hodge-star operator, which associates to anyone p— form uj the 
one and only (n — p)-form *oj that complements u> to form the volume form: 
uj A (*uj) = avol where vol denotes de volume form over the manifold and the 
scalar a is the inner product of the two forms: given two p— forms, uj, r], their 
inner product is defined as 

{uj, v ) = (1/r!) J M uj fll ...^r i -' lr ^9dx 1 ...dx n = J uj A*r,. 

Because ** = (— i) fe ( n -*0 ; when operating over k— forms, there is a natural 
bijection between H k and H n ~ k known as Poincare' duality. Let bk = dimH k . 
Define the Euler characteristic of M as x(M) = ^2{~l) k b k . 

Lemma. Let dimM — 4k then the Euler characteristic of M and the 
dimension of H 2k have the same parity, i.e., x(M) = &2fc mod 2. 

Proof. X (M) = £(-1)*% = Eo feJl (-l) fe ^ + (-V 2k b2k + E2fe+i(-l) fe ^ • 
Using the Poincare duality, this can be rewritten as 

X (M) = 2j:i k - i (-i) k b k + (-ir k b 2k 

x{M)-b 2k = 2Y^^(-l) k b k 

that shows that at both sides of this equation we are dealing with even 
numbers. Or, equivalently, x(M) = b 2k mod 2. 
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3.3 Harmonic forms 

We consider here a closed manifold with a metric (M,g). 

Definitions. The Dirac operator D is D = d + S and the Laplacian A = 
D 2 = (d+S) 2 = (d+6)(d+S) = d 2 + dS + 5d + 6 2 = dS + Sd. A form that satisfies 
the Laplace equation Alu = is called harmonic. The space of harmonic forms 
of degree k is denoted as Harm k (M). 

Theorem. A is, formally, sclfadjoint in L 2 (KT*M). 

Proof: (Aw,ip) = ((dS + Sd)un,ip) = (dSui, ip) + (Sdu> , ip) = (Sui , Sip) + (dw , dip) 

= (oj, dSip) + (oj, Sdip) = (oj, dSip + Sdip) = (oj, (dS + Sd)ip) = (u>, Aip). 

A full fledged proof requires considerations about the domain of operators 

n 

Theorem. DimHarrrik(M) < oo. 

Proof: Theory of Elliptic operators on closed manifolds + theory of Frcdholm 
operators [J,P]. 

Theorem. A is positive. In other words: (Aw,w) > where u> £ f2(M). 
Proof. (Acj,o>) = ((dS+Sd)u),w) ~(d5uj , uj)+(Sdoj , lo) — (Scu,Sw)+(du),ckii) = 
\\Slj\\ 2 + \\dw\\ 2 > 

Corollary. (Aw,w) = iff Slo = dui = 0, i.e., harmonic forms are both 
closed and coclosed. 

Theorem Poisson's equation A^ = 0Jk has a solution iff uik is orthogonal 
to Harm k {M). The solution ip is noted as ip = A _1 w. 

Proof. The theory of Elliptic operators explains the sufficiency [J]. The 
necessity is shown as follows: 

If there exists ip such that A^ = <^k then taking 7 from Harm k (M) we 
have: 

(w, 7 fc ) - (A^, Ik) - {ip, A 7fc ) = (ip, 0) = 
which shows that ivk is orthogonal to Harm k (M). 

Theorem. Harmonic, Exact and co-exact forms are mutually orthogonal 
spaces. 

Proof. Since d 2 = then (d 2 otk-i, Pk+i) = {dak-\,5(ik+i) = 0, showing 
that exact and coexact forms are orthogonal. 

Since harmonic forms are closed then if 7^ is harmonic and 

djk — hence (/?fc + i,c?7fc) = (SPk+iilk) = showing the mutual orthogo- 
nality between coexact and harmonic forms. 

likewise S-fk = hence (otk-i,S~fk) = (rfafe-i,7fe) = showing the mutual 
orthogonality between exact and harmonic forms. 

Hodge Decomposition Theorem. Harmonic, Exact and co-exact forms 
generate Vl k (M): Ct(M) = Kerd®Kerd* KerA. 
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Proof. Let P : fl k (M) — ► Harm k (M) be the orthogonal projection operator 
generated by the scalar product of forms, then for any uj e £l fc (M) we have that 
uj — Puj is orthogonal to Harnik(M). Hence, Poisson's equation 

Aip — uj — Puj has a solution that can be written as ip — A _1 (o) — Puj) 

In conclusion, it makes sense to write 

uj = Atp + Puj = {dS + 5d)ip + Puj = d{5iP) + 5(dip) + Puj 

that reads: any form can be orthogonally decomposed as a sum of an exact 
form plus a coexact form plus a harmonic form. 

Hodge Theorem. H k {M) = H arm (M), in other words, any cohomology 
class is the class of a harmonic form and every harmonic form is a nontrivial 
member of H k (M). 

Proof. Our universe if the space of closed forms, since H k (M) is the space of 
equivalence classes of closed forms defined by the relation uj ~ uj' if there exists 
dip such that uj = uj' + dip. 

Let us show that there is a isomorphism between H k (M) and Harm k (M) in- 
duced by the projection operator over harmonic forms P : Q k (M) — > Harm k (M). 
The isomorphism is 

P([uj]) = [Puj}. ^ 

Decomposing uj in its components: 
uj = d{8ip) + S(dip) + Puj 

but duj = hence applying d to both sides of this equation 
duj = d 2 {8iP) + d5{diP) + dPuj = d5{dip) + dPuj 

but dPuj = because Puj is harmonic and harmonic forms are closed, so 
duj = d5{diP) = 

hence (dS (dip), dip) = {6(dip), S(dip)) = hence 6 dip = 0. 

Therefore 

uj = d(5ip) + Puj. 

Thus, any closed form can be decomposed into an exact and a harmonic 
form. Moreover, we can clearly specify ip: since uj — Puj = d(8ip) is exact, it is 
orthogonal to harmonic forms, and so the corresponding Poisson's equation has a 
solution. This decomposition can be translated into the language of cohomology 
classes: 

The closed form uj is in its class [uj] and another representative reads uj' = 
uj + dip. Proceeding as before we find 
uj + d(p = d(Sip') + P(uj + dep) 

But d(p is exact, so it has no harmonic component: 
P(uj + d<t>) = Puj + Pd<P = P{uj) 

which means that if two closed forms belong to the same cohomology class, 
they have the same harmonic component. Therefore, the projector is well de- 
fined over cohomology classes. 

Let us now prove that different cohomology classes correspond to different 
harmonic forms. 

Let us suppose that P([uj\) = P{[il})- Let us decompose both forms: 
uj = d(Sip) + Puj 
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f] = d(6p) + Pi] 
then 

u-n = d(6ip) +Plu- d{5p) + Pr] = d(6ip) - d{5p) = d{Sip - 5p) 
and we have discovered that if two forms have the same harmonic compo- 
nent, then they are related by an exact form, and so they belong to the same 
cohomology class. Nice. 

Let us show now that any harmonic form is a nontrivial member of H k (M), 
that is for 7 € Harm k (M) we have d-f = and flip such that 7 = dip. The first 
requirement is automatically fulfilled because any harmonic form is closed and 
the second relies on the fact that harmonic forms and exact forms are orthogonal 
one to another. 

Commutation properties for *,d,5 

We can decompose S as S = — * d* . Observe that S takes k— forms and 
produces fc — 1— forms. In this respect, it is similar to integration. Indeed, over 
p— forms * produces an (n-p)-form over which d produces a (n — p + l)-form and 
hence 5 = — * d* produces a n — (n — p + l)-form or a p — 1 form. Henceforth, 
recalling that ** = (-1)(™-p+ 1 )(p- 1 ) we have that 

*5 = - * = (-l)("-P+ 1 )(p- 1 )+ 1 rf* 

because * produces and (n-p)-form over which d produces a (n-p+l)-form 
and hence — * * operates as (— i)( n -p+ 1 )(™-("-p+ 1 ))+ 1 . On the other hand, 
6* = -*d** = - * d(-l)P( n -P) = (-1)p("-p)+i * d. Or, S* = (-1)p("-p)+ 1 * d. 
Therefore, multiplying by the sign in the right side we get 

*d = (-l)P( n -P) +1 <5*. 

With the help of this identity we can prove the expected result: 

Theorem. The wedge product of harmonic forms is harmonic and the Hodge 
star of a harmonic form is also harmonic . 

Proof: Let us take two harmonic forms, 71, 72- Both are closed and coclosed, 
i.e., d-ji = d-f 2 = SjiSj 2 = 0. Let us calculate the Laplacian of their wedge 
product: 

A (71 A 72) = (dS + <W)(7i A 72) = 
(M(7i A 72) + (<M)(7i A 72) = 

d(Sji A 72 ± 71 A 6^2) + <5(<^7i A 72 ± 71 A ^72) = 0. 

It rests to prove now that if 7 is harmonic, so it is *j, i.e., if A (7) = then 
*A(7) = 0. 

*A( 7 ) = {6d + d5)(*-y) 

= (Sd * +(M*) 7 = ((*5(-1)("-p+ 1 )(p- 1 )+ 1 + d(*rf(-l)p("-p) +1 )) 7 

= (* ( i5(-l)("-p+ 1 )(p- 1 )+ 1 (-l)(p- 1 )("-p+ 1 )+ 1 +*5 ( i(-l)P(™ _ P) +1 (-l)(" _ P)P +1 

= (*(-l) 2 ("-P+ 1 )+ 2 rf(5 + (M(-1) 2 p("-p)+ 2 )7 

= (*(dS + 8d)"f. 

We have thus proved 

Theorem Harm(Q) yields a space of representatives of H*(Q) that con- 
serves all its algebraic properties. 

Proof. The projection is a continuous operator that is also a retraction. 
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Theorem. Let E be the base of Harm formed with those elements of 
H 2k that are harmonic. Then, the signature quadratic form Q is block diagonal 
in {E} and the signature of M fulfills a(M) = dim(Harm 2 +) - dim(Harm 2k ) 
where Harm 2 !', Harm 2k are the eigenspaces of * with ±1 eigenvalues. 

Proof. Over 2k— forms in a manifold of dimension 4k, the Hodge * satisfies 
** = 1. Hence * has eigenvalues ±1. Let *uj + = uj + and *oj~ = Then: 
a(uj+,uj+) = J lo + A lo + = J uj + A *uj+ = (lu + ,uj + ) > 
<j{lu~ ,uu~) = J uj~ Alu~ = — J uo~ A = — (ui + , u) + ) < 
Using the fact that a A */3 — j3 A *a and that in our case the wedge product 
is commutative we have 

<t(oj + ,lj~) = f Ll> + Alu~ = — J UJ + A*ti) _ = — f Ld~ A *Ld + = — f Ld~ Aw + = 

— a(u) + , uj~) 

So, <j(uj + ,lj~) = —a(uj + ,uj~) = 0. 

These results show that the matrix of Q evaluated over a base of harmonic 
forms is block diagonal, say, D. This allows to alternatively define the signature 
of a manifold using the following idea: for a real number r, we can define its 
sign as sign(r) = r/yf(r 2 ). For selfadjoint diagonal matrices we also have 
sign(D) = D(yJ~{D 2 ))~ 1 . In a general case sign(A) = A(^f(A*A)y 1 which 
displays a diagonal filled in ±1. Thus 

<t(M) = Trace(sign(Q)) 

where Q is any matrix representing the signature quadratic form. 

When some eigenvalues of a matrix are zero, they don't enter to define the 
signature of a given matrix. So, it would be nice to face up at this point the 
following intrigue: Is Q degenerate allowing the existence of null eigenvalues? 

Theorem. Q is not degenerate over H* . 

Proof. It is enough to take a harmonic representative, 7 which is both closed 
and coclosed with *7 also harmonic. Let us suppose now that 

J (71 A 72) = 0,V72- We shall prove that then 72 = 0. If that is true, then 
we can take 71 = *7 2 , therefore we get 

J* (71 A *7i) = (7i,*7i) = 

from which we conclude that 71 = 0, which means that Q is not degenerate 
and that has no zero eigenvalues. 

Moreover, if we note Harm as the eigenspaces of * with ±1 eigenvalues, we 
can conclude that the signature of this matrix is the number of positive eigenval- 
ues minus the number of negative eigenvalues but this substraction corresponds 
to 

a(M) = dim(Harm + ) — dim(Harm~) 

Challenge. Since the index of a (Frcdholm) operator P is ind(P) = 
dim(KerP) — dim(P*) where P* is the adjoint of P, this last equality seems to 
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predict the existence of an operator (over an infinite dimensional Hilbcrt space) 
whose index is precisely the signature of the manifold. 

Lemma. Let dimM = 4k then the dimension of H 2k and the signature of 
M have the same parity, i.e., b 2 k — <j(M) mod 2. 

Since the harmonic forms Harm 2k can be decomposed into the direct sum 
Harm 2k = Harm 2k ® Harm 21 * thus b 2k = dim(H arm 2k ) + dim{Harm 2k ) 
and moreover, 

cr(M) = dim(Harm 2k ) - dim{Harm 2k ) 
Therefore 

b 2k = dim(Harm 2k )—dim(Harm 2k )+2dim(Harm 2k ) = a(M)+2dim(Harm 
or b 2k = a(M) + 2dim(Harm 2k ) 
or b 2 k — a(M) = 2dim(Harm 2k ) 
or b 2 k = <j{M) mod 2. 

Since "to have the same parity" is transitive, we can conclude 

Corollary. Let dimM = 4k then the signature of M and the Euler charac- 
teristic has the same parity, i.e., <r(M) = x(M) mod 2. 

Remark. The equalities mod 2 that we have found point to the possibility of 
relating the signature operator with the Pontriajin classes in which coefficients 
are taken from Z 2 . 

4 The signature operator 

The following properties of the Hodge-star * operator are necessary for our 
purposes in this section: 

1. ** = (— 1)p("-p) when * operates over ap-form. Hence, over (p+l)-forms 
** = (-1)(p+ 1 )(™-p- 1 ) while over (p- l)-forms ** = (-l)^- 1 )^^ 1 ). 

2. Let us define the chirality operator J = i™/ 2 +p(? > ~ 1 )* when it oper- 
ates over p-forms, which becomes J — i™/ 2 +(p+ 1 )(p)* over (p + l)-forms and 
J = ^"/s+fp-iXp- 2 )^ over (p-l)-forms. Warning: real scalars are replaced by a 
complexified version. 

3. Recall that operating over p— forms we have 
*S = - * *d* = (-l)("-P+ 1 )(p- 1 )+ 1 d* 

and that 
*d = 

These identities will be used to change the relative position of * with respect 
to d, S. 

Theorem. If D is defined as D = d + 5 then J and D anticommutc: 
JD = -DJ 

Proof: JD = J(d + S) = Jd + JS. Recall that d rises the order of a form 
by one unit, while 6 lowers the order of a form by one. This must be kept in 
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mind when operating with J: Jd + JS = i«/2+(P+i)(p) * d + i n/2+( P -i)( P -2) ^ ^ 
Changing the relative position of * we have: 

j£) _ i n/2+(p+l)(p)/_ 1 \p(n-p)+l ( 5 ^ +i n/2+(p-l)(p-2)/_ 1 j(n-p+l)(p-l)+l dj|! 
_ i n/2+(p-l+2)(p)/_ 1 \p(n-p)+lj !|!+i n/2+(p-l)(p)-2(p-l)/_ 1 ^(n-p+l)(p-l)+l rf;(< _ 
_ i n/2+(p-l)(p)^2p^_ 1 ^p(n-p) + l ( 5 + j-2(p-l)^_ 1 ^(n-p+l)(p-l) + l rf ] !|< 
= [i 2 P{-\)P( n -P) + 1 5 + j-2(p-l)(_l)(n-p+l)(p-l) + l(f] J 
= [(-1)P+P("-P) + M + (-l)-(P- 1 ) + (™-P+ 1 )(P- 1 ) + 1 d] J. 

Now, let us see that if n is even then the exponents in this last expression 
are odd. To see this, recall that p(p — 1) is always even, that if n is even then so 
is np and that p 2 always behave like p, i.e., module two we have the following 
equalities: 

p + p(n — p) + 1 = p + np — p 2 + 1 = p + — p+1 = l(odd). 
-(p-l) + (n-p+l)(p-l) + l = (p-l)(-l+n-p+l) + l = (p-l)(n-p) + l = 
pra — p 2 -n + p+ l = 0- p- + p+ l = l(odd). 
Putting all together: 

JD = —(5 + d)J= —DJ, and so, J and D anticommute. 
Theorem. J 2 = 1 if n = 2k 

Proof. We know that if J = W 2+p ( p_1 )* operates over p-forms, it produces 
n — p-forms, so a new application of J operates over (n — p)-forms and hence J 
takes the form J = ^/s+^-pX"-?-!)*. Thus 

j2 _ i n/2+(n-p)(n-p-l) ^ jn/2+p(p-l) ;|< _ ^„/2+(n-p)(n-p-l)+n/2+p(p-l) ^ ^ 

Recalling that over p— forms ** = (— 1)p("~p) = (j) 2 p("-p) we get: 

j2 _ p/2+(n-p)(n-p-l)+n/2+p(p-l))^2p(n-p) 

_ jn/2+(n-p)(n-p-l)+n/2+p(p-l)+2p(n-p) _ jn+(n-p)(n— p-l)+p(p-l)+2p(n-p) 
_ jn+{n— p)(n— p— l)+p(p— l)+2p(ro— p) _ ^n+n 2 — np— ro— np+p 2 +p+p 2 — p+2np— 2p 2 

Simplifying we obtain 

J2 =J „ 2 =i 4fe 2 = ^4 )fc 2 = L 

Corollary The eigenvalues of J are ±1 and for any u, Ju) = ±u. 
If Jw = Xcj then J 2 w = XJuj = \ 2 uj = ui then A 2 = 1 and A = ±1. 

Lema. D interchanges the eigenspaces of J. In other words, if Ju = ui then 
JDuj = —Duj and viceversa if Jlu = —uj then JDuj = Duj. 

Proof: If Juj = uj then DJuj = Duj, but DJuj = — JDuj because these 
operators anticonmute, hence —JDuj = Duj or JDuj = —Duj. Likewise, if 
Juj = —oj then DJuj = — JDuj = —Duj or JDuj = Duj. 

Definition. Let E be the positive sector of J and F the negative sector. 
The signature operator D + of D is the restriction of D to E which goes onto 
F. 

Theorem. The index of the signature operator is equal to the signature of 

M. 

Proof: Since D = d + 5 interchanges eigenspaces of J, we can write 
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D = 



L>_ 
D+ 



where D- = D* + . Indeed, 

(D+a,0) = ((d+6)a,f3) = (a,(d+6)*/3) = (a,(d* + 6*)f3) = (a, (6+4)0) 
(a,D-p) 

where we have taken care of the domains of definitions. Hence 



A = D = 



D* + D + \ _ / A+ 
D+Dl 1 \ A_ 



where A± are the restrictions to the ± eigenspaces of J of the Laplace 
operator A. 

Taking 2k— forms and the corresponding operators we have: 
Ind(D + ) = dim{KerD+) - dim(KerD* + ) 
Recalling that ind(F) = ind(F*), we can add to the right side 
= dim(KerD* + ) — dim(KerD* + ) = dim(KerD ! V) — dim(KerD + ) 
and we have 

Ind(D + ) = dim(KerD + ) — dim{KerD* + ) + dim(KerD* + ) — dim(KerD + ) 

= dim(KerD* + ) + dim{KerD + ) - (dim(KerD + ) + dim{KerD* + )) 

but dim(KerAB) = dim(KerA) + dim(KerB), hence 

Ind{D + ) = dim{KerD* + D + ) - dim(KerD + D* + ) 

= dim(KerA + ) — dim(A-) 

= dim(Harm 2 ^) — dim(Harm 2 ! : ) — a(M) 
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